We reexamine mass flow in a superfluid gyroscope containing a superfluid Josephson weak link. We introduce a frequency-dependent hydrodynamic inductance to account for an oscillatory flow of the normal fluid component in the sensing loop. With this hydrodynamic inductance, we derive the thermal phase noise, and hence the thermal rotational noise of the gyroscope. We examine the thermodynamic stability of the system based on an analysis of the free energy. We derive a quantum phase noise, which is analogous to the zero-point motion of a simple harmonic oscillator. The configuration of the studied gyroscope is analogous to a conventional superconducting RF SQUID. We show that the gyroscope has very low intrinsic noise ͑1.9 ϫ 10 −13 rad s −1 / ͱ Hz͒, and it can potentially be applied to study general relativity, Earth science, and to improve global positioning systems ͑GPS͒. The practical use of quantum interference has become widespread with the development of the superconducting interference device ͑SQUID͒. The recent discovery of the Josephson effect in superfluids 1-3 makes a very sensitive superfluid gyroscope a possibility. Already, Simmonds et al. 4 and Mukharsky et al. 5 have demonstrated gyroscopes based on this effect. With sufficient resolution, a potential geodesy application of this device is for real-time precise measurement of the Earth's rotation speed. Jitter in Earth's rotation is a source of uncertainty in real-time GPS. From the very long baseline interferometry measurements of Hide and Dickey, 6 the Earth's rotation jitter causes an equivalent position jitter of ϳ10 cm at the equator in a day. Precise measurement of the jitter in real time will allow this error to be removed. Another potential application is in tests of general relativity by precise measurement of the geodetic and the frame dragging precession. Understanding the fundamental limits of these gyroscopes is therefore of both scientific and practical interest. In the following, we extend an earlier concept of the fluctuations of the quantum phase 7 to treat the superfluid gyroscope. We consider a readout scheme in which the rotation rate is inferred from the measurement of the resonant frequency of small-amplitude oscillations in a resonator ͑in-set of Fig. 1͒ formed by a flexible diaphragm, a Josephson weak link, and a sensing loop of N L turns. We find that in a typical geometry, the normal component undergoes oscillatory motion and is not viscously clamped to the walls of the gyroscope's sensing loop. We treat the normal fluid flow by introducing a frequency-dependent hydrodynamic inductance. We then explore how it affects the noise and stability of the gyroscope.
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The flow of the normal component is coupled to the oscillatory superfluid flow through mass conservation. The current driven by the diaphragm of area A is Aẋ, where is the fluid density and x is the displacement of the diaphragm from equilibrium, positive if displaced upward in Fig. 1 . Both the normal fluid velocity u n and x are oscillatory, while the superfluid velocity u s , the phase difference across the Josephson junction, and the phase difference L across the sensing loop have both a dc component, denoted by a subscript " o," and an oscillatory component, denoted by a tilde over the variable. Thus = o + , where o is a dc phase bias due to a steady rotational rate ⍀, and denotes an oscillatory component due to diaphragm oscillations. The
Josephson-Anderson equation relates x to by ͑ប / m͒ = −⌬ =−⌬P / =−x / ͑A͒, where ⌬P is the pressure difference across the junction, and the contribution of temperature difference to ⌬ is neglected. The mass current driven by the diaphragm is therefore − 2 A 2 o / ͑2͒. Assuming an ideal Josephson current-phase relation, the current through the junction with a critical current I c is I c sin , where for clockwise flow is positive. The superfluid and normal fluid current in the sense loop are s u s a and n u n a, where a is the cross-sectional area, and s , n are the superfluid and normal fluid densities. Since the normal fluid velocity is not uniform over the cross-sectional area, u n is understood to be an averaged value. Mass conservation requires that 
where the term ␥Ј is due to all dissipative processes other than that due to normal fluid flow. The dissipative current due to normal fluid flow is already included as i n Im͑u n ͒a. A sinusoidal current drive term is also added to keep the oscillator's steady-state amplitude constant; at resonance the drive term is imaginary. For oscillatory flow at frequency f, the extent of normal fluid flow in a tube of diameter d depends on the viscous penetration depth = ͱ/͑ n f͒, where is the viscosity of the normal fluid. For superfluid 4 He ͑Ref. 8͒ near the lambda transition, =74 m/ ͱ f. For superfluid 3 He ͑Ref. 9͒ at ϳ0.5 mK, Ϸ 1 cm/ ͱ f. At high frequencies, where Ӷd, the fluid undergoes solid body motion, where u n = ũ s . At low frequencies where ӷd, the normal fluid is clamped to the walls, and u n = 0. Since u n is oscillatory, one can write u n = ␣ũ s , where ␣ is a proportionality constant. Thus ␣ → 0 for low frequencies, and ␣ → 1 for high frequencies; in both limits the flow is dissipationless. At intermediate frequencies, ␣ is complex; Im͑␣͒ accounts for the dissipation. We write s u s a + n u n a = s u so a + L ũ s a + i n ũ s a Im͑␣͒, where u so is the dc component of u s , and L = s +Re͑␣͒ n is an effective density of fluid participating in nondissipative motion. We also define a total dissipation parameter ␥ that includes dissipation due to normal fluid flow, so that ␥ = ␥Ј + i n ũ s a Im͑␣͒. Equation ͑1͒ becomes
͑2͒
It is possible to express u s in terms of L , using the relation 
͑3͒
The sum of and L is related to ⍀. To obtain this relation, we note that in a superfluid, while the relation u s = ͑ o /2͒ ٌ ⌽ is applicable in a rotating laboratory frame, the quantization condition ͑2 / o ͒͛u s Јdᐉ =2M, where M is an integer or zero, must be applied in an inertial frame ͑a reference frame that is not rotating͒. The velocity u s Ј in an inertial frame is related to the velocity u s in the laboratory frame by u s Ј= u s − ⍀R. Performing the integral around a closed loop, in the zeroth quantum state ͑M =0͒ we obtain ͑2 / o ͒͛͑u s − ⍀R͒dᐉ = L − x + = 0, where L = ͑2 / o ͒͛u s dᐉ, the integral across the Josephson junction gives ,
2 is the circulation. Using L = x − , and making the expansion = o + , Eq. ͑3͒ becomes
The dc phase o can be found by setting drive, , , and to zero. We then expand around o to obtain the equation of motion and the resonant frequency. The results are
where f oo 4 He and 3 He, respectively, while experimental f o is 10-100 Hz. One should use ␤ ϱ for evaluating f o . Prior to this work, normal fluid flow was ignored 12 and ␤ o was used in Eq. ͑7͒, which predicts a much lower f o near the phase transition.
Next, we derive the noise of the gyroscope by a procedure similar to that for the displacement noise in a spring-mass oscillator. 13 The Langevin equation in can be obtained by replacing the drive in Eq. ͑6͒ with a Langenvin equivalent noise source I ␦ ,
Since the thermodynamic conjugate 7 of is បi s , where i s = I s / m is the superfluid particle number current, បi s is the conjugate force to the generalized displacement . We multiply Eq. 8 by ប / m to transform it into a balance of the generalized force. Comparing this to the spring-mass system, 13 
where Q = 2 A 2 o o / ͑2␥͒ and assuming ␤ L = ␤ ϱ . To derive an expression relating ⌬ rms to the noise in the measurement of f o , we assume that the oscillator is driven at fre-quency f o , so that at steady state, = A cos͑ o t + ͒, where A is an amplitude and is a phase lag. Thermal noise of can be decomposed into an amplitude noise in A and a phase noise in . Only the phase noise contributes to the error in frequency determination. The noise energy is divided equally between the amplitude and the phase fluctuations. The single side-band phase noise is 
It is possible to make a free running oscillator using feedback. A feedback scheme, which introduces an energy pulse at the zero crossings, will not affect the phase evolution and will preserve the preceding expression for ⌬f. Using Eqs. ͑5͒, ͑7͒, and ͑10͒, and the
fluid flow causes the noise to increase. The increase is particularly large for 4 He near the lambda point. For u n =0, a similar expression was given in Ref. 12 for a phase-sensitive detection scheme.
To explore thermodynamic stability, we write the free energy as 7,14,15 dF = បi c sin d + aᐉ s u s du s + aᐉu n d͑ n u n ͒ + Aᐉ 1 ẋd͑ẋ͒ + xdx, where ᐉ 1 is an effective length of the drive chamber. Writing u s in terms of , we obtain
where I n = n u n a and I x = ẋA. We notice that during the oscillation, thermodynamic equilibrium is maintained, because f o is much lower than 1 / LK , where LK ͑the LandauKhalatnikov time͒ is the time scale for equilibration. Both I n and I x can be considered as constant at any instant. This implies that the total superfluid current I stotal = mi c ͓sin + ͑ − x ͒ / ␤ o ͔ must also be constant. Therefore, the stability condition 7, 14 is ͑‫ץ‬I stotal / ‫͒ץ‬ = ‫ץ͑‬ 2 F / ‫ץ‬ 2 ͒ I stotal ,I n ,I x ,x Ͼ 0, leading to cos Ͼ −1 / ␤ o . When ␤ o Ͻ 1, this condition is satisfied for all possible values of , and the system is stable. However, when ␤ o Ͼ 1, there are regions of where this condition is violated. When this happens, the system can jump spontaneously to another stable quantum state. For ␤ o Ͼ 1, it is possible to have small-amplitude oscillations, but as the amplitude increases, at some point enters the unstable region and a jump will occur. Therefore, the amplitude of the oscillations is limited. At the instability point, I stotal ͑͒ has a maximum. Notice that the stability condition is unchanged by the normal component flow. However, contrary to prior work, f o does not tend to zero at the instability point ͓Eq. ͑7͔͒. Instead, it tends to f oo ͑ n / s ͒͑1/␤ o ͒.
At small amplitudes, the equation of motion of is similar to that of a simple harmonic oscillator. There should be a quantum noise in which is analogous to the zero point motion of the displacement z given by ͗z 2 ͘ = ប / ͑m z o ͒, where m z is the mass. By analogy,
where m is a generalized mass. To find m , we multiply Eq. ͑8͒ by ប / m to transform it into a balance of the generalized force. By analogy, the coefficient of the term is To optimize the gyroscope, we plot ͑ o , ␤ o ͒ of Eq. ͑12͒ in Fig. 1 , where o can be set by tilting the axis of the gyroscope relative to the axis of rotation. It diverges at o = 0 and , where df o / d o = 0 according to Eq. ͑7͒. One should avoid operating near these points. The top, middle, and bottom lines are for ␤ o = 0.9, 0.999, and 1.1, respectively, for / s = 2. For ␤ o Ͼ 1 ͑bottom line͒, it appears that → 0 at the instability point where ͑cos o +1/␤ o ͒ → 0. As one approaches this point, A must also be reduced to avoid jumps. Thus, the relevant figure of merit, / A , approaches a constant. For example, setting o = 0.75 and A = 0.08 as shown by the thick dot, we obtain / A Ϸ 1. For ␤ o Ͻ 1 ͑top line͒, ͑ o ͒ has a minimum within the range of 0 to . As ␤ o → 1, the minimum is lower and it occurs closer to . If one operates near the minimum, the available range for linear oscillation is also reduced. Again, / A or ⌬⍀ approaches a constant. For o = 0.9 and A = 0.07, one obtains / A Ϸ 0.8.
We estimate the noise of a superfluid 3 He gyroscope by assuming that / A Ϸ 1 and ␤ o =1. At T / T c = 0.5, where T c = 0.929 mK, Backhaus et al. 16 reported that the critical current is I c = 0.093 gm/ s or i c = 9.3ϫ 10 15 / s. This I c and T implies that the following design would give ␤ o =1: N L =1, R = 7.5 cm, and a =1 cm 2 . We further assume that is set to give f oo = 100 Hz, and that Q = 100. From Eq. ͑11͒, we obtain a rotational rate noise density of ͱ ⍀ ⍀ * = 2.6 ϫ 10 ⍀ E , the geodetic and frame-dragging precessions are ϳ6.6ϫ 10 −9 ⍀ E and ϳ6.6 ϫ 10 −11 ⍀ E , respectively, and the Earth's rotational jitter is ϳ2.5ϫ 10 −9 ⍀ E . In conclusion, we have shown that at its fundamental limit, the gyroscope can potentially be applied to study general relativity, Earth science, and to improve GPS.
As a side note, the frequency-dependent hydrodynamic inductance may have other important implications. For example, Davis and Packard 17 suggested that the ratio of hydrodynamic inductances of the weak link to that of the sensing loop, also known as the R ratio, should exhibit a strong increase as one approaches the superfluid transition due to suppression of the superfluid density by the finite-size effect in the weak link. It was not understood why the data of Sukhatme et al. 3 did not show such an increase. We notice that the R ratio is the same as 1 / ␤ L , and should therefore also be a frequency-dependent quantity. The decrease in L at reduced frequency may partially cancel the depression by the finite-size effect in the weak link, providing a plausible explanation
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